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A Study on the Vibration of an Elastic Sphere'

Li-Duhng Huarng? and Pictiaw Chen?

Abstract : A theoretical analysis of the vibration of an elastic sphere in spherical
coordinates using the scalar and vector potential equations by the separation of
variables method leads to the solutions of the trigonmetric equation, the Legendre
equation and the Bessel equation. The associated Legendre polynomials of the first
kind govern the mode shapes of vibration while the spherical Bessel functions of the
first kind lead to the non-dimensional frequencies of the vibration modes The
simplest vibration modes of a homogeneous elastic sphere are the pure compres-
sional modes and the pure shear modes. The procedures to solve the non-dimen-
sional frequencies for some cases of both the pure compressional modes and the
pure shear modes are illustrated in the contents. Although, the solutions for the
cases of the mixed modes of vibration are too complicated to be solved analytically,
a different approach method published by Lamb in 1882 are included. A table for
the non-dimensional frequencies of the mixed class vibration obtained numerically
with a computer program for Poisson’s ratio; v; equals to 0.1, 0.2, 0.3 and 0.4, given
by Cooke and Rand are also included for quick reference.

Key words : Vibration mode, Non-dimensional frequency, Elastic Sphere.

INTRODUCTION

The vibration of a solid elastic sphere is an old problem. The radibal oscillation of a
sphere was studied as early as 1828 by S. D. Poisson "9, The problem related to the elastic
sphere was then continually developed by Lamb (1882) and other scienists. Lamb’s work has
the advantage of discussing the simpler modes of vibration of a uniform sphere in detsils
with the method of obtaining roots of the frequency equations. He classified the general
types of vibration into the “first class” and the “second class” ¢"'®_ The first class referred
to the torsional class vibration modes which result in a dilation-free (no volume change)
motion. The second class referred to the spheroidal vibration modes where the displace-
ments have radial components and the volume may change.

The Navier equation which governs the dynamic responses of a linear, elastic, homoge-
neous, isotropic sphere can be dissloved into three equations, namely, the trigonometric
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equation, the Legendre equation and the Bessel equation”'”). Among the solutions to these
equations, the Bessel functions of the first kind are used to obtain the non-dimensional
frequencies which can be applied to predict the second and the third resonant frequencies
of an intact apple from the first resonant frequencies while the Legendre polynomials are

associated with the vibration modes®®®,

MATERIALS AND METHODS

1. Theoretical model:

The Navier equation which governs the small motion of an isotropic elastic sphere
without any body forces can be expressed as follows>!¥;

UTHA A Ap)T (Toq) =Pl creerernrernemsnesnsmnnntintin ittt @
where:

A, x=Lame’s constant

d=displacement vector

p=mass density

V2=Laplacian operator

¥V =gradient operator

The solutions of equation (1) could be obtained if the displacement vector @ is represent-
ed in terms of a scalar potential ¢ and a vector potential ¥®>"®):

TSV T creretntnntaiisiiotuittatuitritittitttitatintitiiieceriistitictsiottistcascasestatanies (2)

Substituting equation (2) into equation (1), results in:

? (Ve +vXT)

pVHI ¢+ XT)+ (A +p)V T (Ve +VXT)) =p e 3)
But VeV XT=(
and AV v R PR P TTSPIR 4)
Therefore, equation 3 becomes

\v/ [(l+2#)v2¢_p$] +vx(ﬂv2\ff__p‘\j'):0 ................................................ (5)
The displacement equation 2 will satisfy the Navier equation, if

1

V24 :_Vl_zl_‘l, where V[;(_‘L%Zﬁ_)z ......................................................... 6)

and
T u\z
2\1}'__ =l R N e e nmnnmnmnmmImImmImImIIIIIoInnmmnmmnmsn
% vz where Vs (p ) )

V. and Vs are called the compressional (or longitudinal) phase velocity and shear (or
flexural) phase velocity®, respectively.
The vector wave equation 7 is satisfied if the following scalar wave function is satisfied

(14},

2\1,- WZ\I_,-_
v +V§ Zo() veeeernrernettutttereteteiretttntetaetatenaratneturraterraaratserrrerrraresnnessananasartns (8)
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Equations 6 and 8 are similar and can be solved by the separation of variables method
@410 The detailed procedures for determining these solutins in a spherical coordinate
system can be found in Huarng (1992). The following is a description of the procedure for
determining the solution ¢ of the scalar wave equation 6.

If we define é as a product of a displacement function and a time function as follows:

B=O(r, 6, 0) T() -wereeeeersessresortsmmitinntiiiiiiiie ittt saat st s s b st (9)
where r, fand J are spherical coordinates as shown in Fig. 1, and t is time.

Y
Fig. 1. Spherical coordinate for a sphere
Substituting eqtation 9 into equation 6 results in:
v _ T
2 o eeetseesessanccrsecsersecennseatersererasnecnsesetsenacseneatseseraseenteneseeonrerseesnstenen
V:—@——-— T 10)

Since the left hand side of equation 10 is a function of spatial variables only, and that on the
right hand side is a function of time only, both sides must be equal to a constant. Therefore,

we can write:

, .
V2 Vq)d) :%_: @ eeeerenreeeee bbbt b et s ae et sa e e s eeen e et et antesbanaan an
Equation 11 yields
T @ETIo() weveererserensrenuerennnertoseansernsrerestersrseretienesirmessrrssseassesaesssutesinasasenans 12)

and
72 +_‘{’T%_q)_—_0 .......................................................................................... (13)

The solutions for equation 12 is of the form T=e™'“*, Equaation 13 in spherical coordi-
nates can be expressed as™®:

%[%(f%—?) +§r1?9— aig(siné' %qg) )-l— sir}ZH §§]+—{‘;—;(p e | W TP TSUURR (14)

l
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Equation 14 is separable; thus by letting @ (r, 8, §) =R(1)©@(6) A(), one can separate

equation 14 into the following three differential equations™”:
2
%fr-i-m OO ORI OO PP PRSP PR (15)
d’® , cosf dO IN? ) 0 () toteeereeeereeseeeeeeeeesseseesssesasnessrenseeneennns
a67 tsin6 a6 (k sinZa)@—O (16)
dR_ 2 dR (@2 kz) U0 eereereeereeeeeeererteateeaesteaeeeeeaestestesntesaressentenneens
darf "t dr '\V} % R=0 an

where m? and k® are the separation constant.

The general solution of equation 15 is:

A(O) @M ceirrtiitiiiri et st s st s (18)

To obtain a single valued potential function with the range of ¢ to be (0,27), m must be an
interer “(. e., m=0,%1,+2,£3,).

It can be shown that physically meaningful solutions of equation 16 exists only when
k*=n (n+1), n=0, 1, 2, 3,.:+., etc.®*'”, For these values of k? the solutions of equation 16 are
the associated Legendre polynomials of the first kind as represented below:

() =P"(cosb)

m Imi
=(1—cos§)'s" d—d—pﬁﬁ Pa(COSH)wwvresrrerernsesersensentrstestitnsentenseniitenenrensen (19)
where n=0, 1, 2,--++++; ; and Pa (cosf) is the Legendre polynomial which can be expressed in

Rodrigues’ formula form as®*%':

-1 _da )0 eeeervveeerresesneeesessresessaresssanseessresesssnassans
Pa(cosf) = T d(cosd) (cos?6—1) (20)

Since Pn (cosb) is a polynomial of nth degree, ©(8) vanishes when m>n. Therefore, the
values of | m | in equation 19 is limited to | m | =n.

The solutions of equation 17 are the spherical Bessel functions of the first kind re-
presented as:

R(D)= /2 <\‘;’) Z,(%—f) ........................................................................... @D

where

Za(o)= Zns1j2(0) wweseesessersosessenststaneatese sttt et s (22)

T
2p
and Zn+12 (p) is the Bessel function of the first kind of order n+1/2.
Thereforefore, the solutions to equation 13 are:

B, 0,6‘):Zn( ‘{’,f) PIFl (COSH) @M wrerereresrersssessinssssssetssssesasesssesssssnansens (23)
where n=0, 1, 2, 3,-++-- and [ m | =1, 2, <+

Combining the solutions of equations 12 and 13, one obtains the solutions of equation 6
as:

¢nm:Zn<-&%) P (cosﬂ)e"“" TIBL e s ee s s e s e e e r e e s s s esaeneeneas (24)
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It was shown by Pao and Mow (1973) that the vector wave equation
V2T 4 %’7;@:0 .......................................................................................... (25)
is satisfied if the following scalar wave function is satisfied. i. e.
vhy.;..‘i?y;g .......................................................................................... (26)
The above scalar wave function can be solved in the same manner as used for the scalar
function in equation (13). The result leads to the solutions of the form®”
JME o eiirreasssacssossorsocesonscnseocosessscasossnnscanconnen @270

T
X7 n

Vanlr, 0, =2 $E

) PIM (cosf)e
The torsional class vibration can be expressed as Tn:-1 and the spheroidal class vibration

2. Vibration modes:
as Sn-1®, where n is a non-negative integer and ¢ =1, 2, 3,--- is the order of roots satisfying

the frequency equations.

The simplest vibration modes of a homogeneous elastic sphere are pure compressional
modes and pure shear modes. For the pure compressional modes, the procedure for obtain-

ing the non-dimensional frequencies are illustated below:

2.1 Pure Compressional Modes
For a solid sppherical resonator, the spherical Bessel functions of the first kind can be

............................................................

applied. And the scalar potential would be
Dpnr, 6, d):Zn<('\J,—l;> P.™(cosd) e™

If m=n=0, from equation 2, these solutions simplify to

Umn=1oo
:v®oo (r, 6, 6)
o, (&1
‘v“<v)
—s d (ﬂ) .......................................................................................
=T dr Zo Vl (28)
Where  is the unit position vector.
And the strain field associated with equation (28) has only 3 components®. Namely,

1 our

Ser= iw or

-1 u
86 i@ r

L U ettt e (29)

where i=+—1.
Therefore, the traction force on the spherical surface is ?
(30)

...........................................................................

T. =T

=cu Sertciz2 (Ses+Sss)
So, the stress-free boundary condition on the spherical surface (r=a) is
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d 2ce d gr_>_ ............................................................
Cugy? Z°< V. >+ r dr Z°< V. =0 @D
Since Zo(p)=sin p/p®"®, we know that
N @1
sin{ <
Zo( (‘\;}; >:M ............................................................... eeenenserrasarasssons 32)

(%)
V.
The definition of Poison’s ratio, v, in terms of the stiffness constants, cin, where j and

n are integers, is as follows®":

o CIIT 2 i ee e eeeteeeetees e e eebae e raeeaaaee s e taees e e e s b b e s e e e raea s e e sant s
= 2(C11- C44) (33)
Therefore, the ratio of cn to c« can be found as:
Cll 2 2V --------------------------------------------------------------------------------------------
“1-2v (34)

and since ciz=cu—2c4 for isotropic materials®?, substitution of equation (32) into equation
(31) at r=a yields the characteristic frequency equation:
— V. - V) e
tan< Vz) 1— Cii (_@_8;)2_1_< 11—y ) (wa)z @35

4cus V. 2—4y V.

If the roots of equation (35) are designated as so:, where the first two subscripts indicate m

=n=0 in equation (23), the natural frequencies of these family of modes are

_ V.
f= 27:a

Where these modes are conventionally labeled So..

Now, for the case of v=0.3, which is commonly used as Poisson’s ratio for apples®, equation

tan( ) ___S)’_%_)._ ........................................................................... 37
) (9

8/ \V,

(35) becomes

The solutions to equation (37) are the non-dimensional frequencies,wT?, designated as
H (=ha). The first four roots (excluding the trivial solution, 0) of this equation are
H———ha:wT?=2.6702, 6.0020, 9.3000, 12,4743 ++++vervsrrsrsssresuesssasrassasusnessessenenne (38)

which correspond to the Su, Soz, Ses and Se: modes, respectively.
2.2 Pure shear modes

The particle motion under pure shear modes is always normal to the radial coordinate,

and
S S A R USROS RTR
W=T T (39)
¥ mn

Us=— 30 ................................................................................................ (40)
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Because the field must remain finite at r=0, the spherical Bessel function of the first
kind was considered in equation (27).

The strain field corresponding to equations (39) and (40) has 5 components, Ses, Sss,
Srs, Srs and Se®". Also the spherical surface traction force is

N _@_11_9@;‘__&) A.Cas M_Q> ................................................
T'rﬁeiw ( or or r +6ico or r 41

where @ and ¢ are the spherical unit vector.
Substituting equations (39) and (40) into stress-free boundary condition T.£=0 at r=a

yvields characteristic equation in the variable (—%). Shear modes are conventionally

designated as Tn.1, where £ is the order of roots satisfying the frequency equation. For the
case where m=0 and n=1, the particle velocity field is

ﬁm:g‘a—%‘\?m: ——’(} cos? Zl(‘%) .................................................................. (42)

and the frequency relation reduces to

o) (¥
tan( V. >_1—_%—<—a\3/_a1)7 .............................................................................. (43)

The solutions to equation (43) are the non-dimensional frequencies %g_, designated as
S

H (=ka). The first four roots (excluding the trivial solution, 0) of this equation are

H:l(a:_%g:5.7635’ 9_0950’ 12‘3229, 15‘5146 ................................................ (44)

S
which correspond to the Tu, T2, Tis and T modes, respectively.
2.3 Mixed Modes

Imposition of the stress free boundary conditions at the sphere surface (r=a) to solve a
combination of spherical shear wave equations and compressional equations leads tc a
complicated frequency relation, which must be solved numerically®®. The modes associat-
ed with the complicated frequency relation are usually designated as Sni-1.

The following is a different approach which was first published by Lamb in 1882. Before

investigating these vibration frequencies, the ¥,(#) function used in the mixed mode
frequency equations is defined as®®.

iy T2

(76’)
=1 il 1 b, t
T 2:2n+3) T 2+4-(2n+3)-(2n+5) °t¢

:(_l)n.1.3.5...(2n+1).(54‘51_9_>n Sigﬁ ................................................ (45)

where Zn.1(6) is the Bessel equation and the Gamma function I'(«) is defined as®:

I'(a)=/3 et t*! dt (@) cevevverersecrucniieiieieitiieitiiitirertiriieiiteeieaaens (46)

Zas1(6)
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with the following properties:

T(@+1)Z @I(@)  +wveerveeeseesersrerssressssssesensssssesssssssissesesssesssensesssessesssensasans 47)
and

P(-%-) N L LT LT T PP PP P PP (48)
The function ¥a(8) has the following properties®®!:

L (B) = =0 AP () eerereerrerereneereeeetee st eeteeteereesteste st aent e sseaeaeeseaeneenne
\I,n (0)— 2n+3\I,n+l (0) (49)
02
T (6)—Vaoy (e)zm\h“ (B) +ovveeereesresinninenee e (50)

which is useful in solving frequency equations and checking the values of the ¥, (6). The
first five ¥, (#) function values are:

v, (6)=(— 1)113<9d9>512”

__3<1> d (sm&)
dé\ @
— =3¢ COS;"'?’ SINO ettt (51)

T, (6)=(—1)?-1+3+5+ (0%6> S‘g"
d

:15<% %)(% o\ 6 ))

=15(7 45 (P252))

-} ) ot

=15<%7 3 5Sin€~390c405(9—923in5>

_ 1507 S0 S0COSOHASEIND ..o -
Vy(0)=(— 1)3.1.3.5.7.< 0%(9)%

:_105( 6(310 )( 0%3)( e%e)Sigg

_1056° cos#—6306? sinf —15758cosf+1575sin 8

o RCOSTLLOSINE. s (53)
T, (O)=(— 1)4-1-3.5-7-9-( e?w) sin?
d d d \sind
‘945<0 dﬁ)( 6 d0><5 d&)(& dé/ 6
=—25(0456'sin6 +04506°c0s0 — 42525 6%5in 6 — 992250 cosf+99225sin6) -+rov (54)

¥s(6)=(—1)°+1-3+5:7-9-11- (0?16) sirgle
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=~ 10395(-5 ) S0

=-01T( —103958°cos 6 +1559256*sin 6 +10914756°cos 8

— 436590062 sinf—98232756 cosf+98232755In6) seecrecrrrrreanirenianns (55)
The compressional phase velocity V. is also defined as®
z___E_(l_""L__ ....................................................................................
V'_/J(1+z/)(1—-2v) (56)
Now, since
ha:—%% and ka= “\”? ........................................................................ 67
Then since Lame’s constants®
h2
o 2_—-—— .............................................................................
#=G and A= o (58)
From equations (56), (57), (58) and (7), we have
AZ:hZ/kz
=V2/V3}
- G/p
EQ—v)/pQ+v)0-2v)
2 S ettt
T 1-v (59)

where @ is the angular velocity of every particle in harmonic motion and p is the density of
the sphere.

For the mixed mode of vibration, the stress free boundary condition on the spherical
surface (r=a) requires that"%®

At Cahameerereetttsertimitiiitinent ettt et ettt e sannesannnsennes (60)
and

Bu@n+Dagnm=0 rrrerereererennitiiiiiiiiiii ettt teset et e e s ren s eaneaas 61)
where @, stands for a spherical solid harmonic of positive degree n, and ¢. is a solid
harmonic of positive degree n. The coefficients An, Ba, Ca and Dy, are given as follows®11219.

2,2
An:# (—2%—%—1— ¥.(ha) —2(n—1)‘1fn_1(ha)) ................................................... (62)
___ K’ 2(n+2)ha ,,
Be= et D) (‘I’n(ha)-*-—kz?—‘l’n(ha)) ............................................. (63)
2,2
Ca= _< 21:1 i T Valka) —2(n—1)‘1fn_1(ka)> ...................................................... (64)
2,2n+3 ¢
Dy= __(n—-:]l%m_ (‘I’n(ka) +2_(le:_3)_\1;;1 (ka)) ............................................. (65)

2.3.1 Case n=2 (y<0.5)
Considering n=2, the equations (60) and (61) become

2,2 2,2
<L5a—\1f2(ha) —2W,(ha) ﬁ; — <l<5i\y2(ka) —Z‘Ifl(ka)><1>z:0 ................................. (66)

and
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(w20 + 888 wica) 2+ 2 00) Wi k@) om0 v 7
By eliminating the factor @:/¢: in equations (66) and (67) and expanding the results in

rising power of H (=ka), the equation assumes the form

—a2H2+a3H“—a4H6+ asHS" rees=() sevecrercenrcttcintciititiitiienittctiateiiititititntiracns (68)
The values of the coefficients are:
DTl K T T T PP (69)
B T a2 4 d it ettt et et e et e e naaanee
A2="5" 9 9 A 3 A (70)
193, 5 13 1

Y 12 L
AB=F55 792 + 126 Ar— 56 == 33 A (71)

__25 125 52 1 54 185 s6 L s e
=861 11088~ 168" 33264 574N (72)

719 . 163 ., 19 .. 59 Lo 258 .o 1 i
=7A13120 T 132452 T 133056* 290376~ 3459456 308880~ (73)

Substituting the relation between A and v from equation (59) for the case of v=0.3
equation (68) becomes

12143._.3002H2+0235H4_0_009H6+0'0002H8_ e :0 .................................... (74)

The first root of the frequency equation is H=2.6462, which corresponds to the simplest
mode of this class, Sz. It is usually called oblate-prolate mode since the sphere is distorted
into an ellipsoid and alternately becomes prolate and oblate according to the phase of the
motion. Different v value results in slightly different dimensionless frequency values.

2.3.3 Case n=3 (y<0+5)

Considering n=3, equations (60) and (61) become

( k;azw3 (ha) —4%,(ha) ) %} _ (@‘1’3 (ka)— 4\p2(ka)) By eererresrerresreneirenseneenenns (75)
<‘I’3(ka)+ 10ha Ty - (ha))—T-i- (‘I’a(ka) +Y. (ka))qia— .............................. (76)

Eliminating ws/¢s in equations (75) and (76), and substituting the function values of
¥,, ¥3 and V3, one will get a complicated expressions of sine and cosine functions. The
numerical solutions of the various roots for ¥=0.1, 0.2, 0.3 and 0.4, given by Cooke and Rand,
are listed in Table 1.

2.3.3 Case n=4 (y<0-+5)

Considering n=4, equations (60) and (61) become

<k;a2‘lf4(ha)—6‘1’3 (ha))% (k a’ T, (ka)—6Y; (ka)>¢4- .............................. 7D

(\I'.,(ha)+ 11{22}1?\1/ (ha) (‘h(ka)-}- 4(ka))¢4— ................................. (78)

Elimination of w/@s in equations (77) and (78) and substitution of the function values
of W3, ¥,, and Vi, results in a complicated expressions of sine and cosine functions.

The numerical solutions of the various roots for the different Poisson’s rations,
v=0.1, 0.2, 0.3 and 0.4, given by Cooke and Rand, are also listed in Table 1.
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Table 1. Mixed class non-dimensional free vibration frequencies
of a homogeneous elastic sphere, Hai-:

= y= n=2 n=3 n=4
Hazo Hso Hyo
1 0.1 2.6152 3.8360 4.8747
0.2 2.6327 3.8927 4.9689
0.3 2.6462 3.9374 5.0460
04 2.6569 3.9731 5.1092
Hzl Hal H4l
2 0.1 4.4129 5.9597 7.5475
0.2 4.7171 6.2920 7.8959
0.3 5.0070 6.6086 8.2147
0.4 5.2619 6.8811 8.4745
He Hs. He
3 0.1 7.6340 9.1069 10.4555
0.2 8.0884 9.5024 10.8375
0.3 8.5272 9.8824 11.2250
04 8.7591 10.1362 11.5163
HZB H33 H43
4 0.1 9.1699 10.8406 12.4908
0.2 9.4539 11.3017 13.0631
0.3 10.3759 12.4277 14.1626
0.4 12.0138 13.4255 14.8026

RESULTS AND DISCUSSION

The Navier equation can be applied to simulate the vibration of a homogeneous elastic
sphere. By using the scalar and vector potential to represent the displacement vector, one
can obtain three equations, namely, the Legendre equation, the Bessel’s equation and the
trigonometric equation. The analytical soltuions to the Legendre equation are called the
associated Legendre polynomials of the first kind, which governs the mode shapes of the
vibration. The analytical solutions to the Bessel equation are the spherical Bessel functions
of the first kind, which can be applied to solve the non-dimensional frequencies of either
pure compressional modes, pure shear modes or mixed modes either analytically or numeri-
cally. The solutions to the trigonometric equation are the combination of sinusoidal and
cosinusoidal functions.

The product of the trigonometric functions and the associated Legendre polyomials,
sin (md) P (cos#) and cos (md) P (cosé), are known as tesseral harmonics of nth degree
and |m|th order™. They are periodic functions on the surface of a unit sphere and the
indices |m| and n determine the number of nodal lines. For instance, m=0, the field is
independent of the equatorial angle J. If n is also zero, the function value is constant on the
surface of the sphere. When n=1, the only nodal line is at the equator § =90"along which the
function is zero. When n=2, there are two nodal lines parallel to the equator at 6§=>54.7"and
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6=125.3"", and the sphere is divided into three zones™”. The function is negative over the
equatorial zone and positive over the polar zones. It is clear that there are n nodal lines that
divide the sphere into n+1 zones within which the function value is alternately positive and
negative. If m#0, the number of nodal lines parallet to the equator is n~Im! and the
function is zero at the poles due to the factor sin'™ 8 in the associated Legendre equation.

The vibration modes of the first three resonant frequencies of an intact apple induced
by striking the equator of the fruit were proved to be an Sz, Sz, and S, respectively?®. If
we assume that apples are elastic sphere with Poisson’s ratio, v=0.3®, from Table 1, the non
-dimensional frequencies associated with these three modes are 2.6462, 3.9374 and 5.0460,
respectively. These values can be applied to conjecture the second and the third resonant
frequencies from the first resonant frequencies by the ratios of the non-dimensional fre-
quencies. If one uses the first resonant frequencies to calculate the corresponding second
and third resonant frequencies, the coefficient of determination (R?) between the measured
and the calculated second resonant frequencies was 0.978 for the Red Delicious apples and
0.967 for the Golden Delicious apples, while R? between the measured and the calculated
third resonant frequencies was 0.964 for the Red Delicious apples and 0.960 for the Golden
Delicious apples®. Furthermore, the slope of every regression line between the measured
and the calculated second or third resonant frequencies was statistically proven to be unity
™, The comparison between these theoretical and experimental results will be extensively
demonstrated in the next article.
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